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AppendixAppendixAppendixAppendixA:A:A:A: JustificationJustificationJustificationJustification ofofofof UsingUsingUsingUsing ConstantConstantConstantConstant SpeedSpeedSpeedSpeed

In our simulation model, a particle moves step by step whose speed is constant. In

reality, the step speed of a diffusing particle cannot be constant but obeys a certain

probability distribution. Although such probability distribution is usually unknown,

according to the Central Limit Theorem, the unknown distribution can be represented

by Gaussian (normal) distribution when the number of steps is very large. Then we

need to justify that a particle’s speed which obeys Gaussian distribution can be

represented by its mean value, a constant speed.

We compare simulations using Gaussian distribution with μ = 1, σ = 0.1 and

constant value δ = 1 (Fig. 11). The result shows that there is no significant difference

between the two samples in the range from the beginning to around t = 600, and for t

> 600 the D-t curves become noisy and are not reliable. It means that if the speed of a

particle can be described by Gaussian distribution, it can be properly simulated using

constant speed, with no significantly change in MSD behaviors. Hence all simulations

in this article are carried out using constant speed.
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S1 D-t plot of simulations using Gaussian distribution for speed and constant speed.

AppendixAppendixAppendixAppendix B:B:B:B: ReproducibilityReproducibilityReproducibilityReproducibility ofofofof SimulatedSimulatedSimulatedSimulated DataDataDataData

The model used here is stochastic and the resulting data are got from statistical

average, and the reproducibility of data is a basic requirement for reliability. The data

have been tested and are proved reproducible. One of the tests is shown below.

The parameters are set as Series 3, half length of square = 2 (300,000 steps, 10

simulation runs for average). The results of 5 independent sets are shown in Fig 12.

For small t, the results fit very well; for large t, the results are noisy and not

reproducible, but they can be seen to be around a certain value. In fact, using more

steps and more simulation runs, the noise can be weakened but calculation expense

increases rapidly. As the results can be readily analyzed from the less noisy part, more

steps and simulation runs are unnecessary.
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S2 Reproducibility of D-t plots.

AppendixAppendixAppendixAppendix C:C:C:C: RelationsRelationsRelationsRelations ofofofof Free-diffusionFree-diffusionFree-diffusionFree-diffusion MSDMSDMSDMSD andandandand SimulationSimulationSimulationSimulation ParametersParametersParametersParameters

The free diffusion with no barrier or lateral drifting velocity is characterized by the

straight MSD curve given by

4MSD Dt= . (1)

For two-dimensional free diffusion, D is constant and given by
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D v τ= , (2)

in which v is speed and τ is step time. This expression can be proved mathematically

following the similar procedure used by Berg[1] to derive D for one-dimensional

random walk.

Define

vδ τ= , (3)

where δ is the length of a step, v the speed and τ the step time. Now consider the x

component of the distance of the particle from its original position after n steps:

1 cosn nx x δ θ−= + , (4)

where θ is the angle from the x axis to the position vector counterclockwise, which is

between 0 and 2π. And

2 2 2 2
1 1cos 2 cosn n nx x xδ θ δ θ− −= + + . (5)

Then

2 2 2 2
1 1

1 1

1 1cos 2 cos
N N

n n i n i
i i

x x x
N N

δ θ δ θ− −
= =

= + +∑ ∑
, (6)

where N is the cases we take to get the average. Since θ is taken randomly from 0 to

2π, it is reasonable to take

2i
i
N

θ π=
, (7)

and

1
2

i i N
π

∆θ θ θ+= − =
. (8)

Then

2
2 2 2

1 1
1 1

cos cos
2

N N

n n i n i
i i

x x xδ δ
θ ∆θ θ ∆θ

π π− −
= =

= + +∑ ∑
. (9)

When we take infinite number of cases, namely N�∞, xn-1 becomes constant and the

summation becomes integrals, so we get
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2 22 22 2 2 2
1 1 10 0

cos d cos d
2 2n n n nx x x x

π πδ δ δ
θ θ θ θ

π π− − −= + + = +∫ ∫ . (10)

As x02 = 0, we can iterate the calculation to get

2
2

2nx nδ
=

. (11)

In the same way we have

2
2

2ny nδ
=

, (12)

so

2 2 2 2 2 2
n n nr x y n nvδ τ= + = =

. (13)

The total time t = nτ, so

2 2 2 2
nMSD r nv v tτ τ= = = . (14)

Comparing the definition of D, the result can be derived.

Adding lateral drifting velocity to the free diffusion, the relations can also be

derived by similar approach. First consider a one-dimensional random walk along x

direction in which every step is randomly chosen to be δ or –δ with extra lateral

velocity ε. We have

1

2 2 2 2
1 1 12 2 2

n n

n n n n

x x

x x x x

δ ε

δ ε ε δ δε
−

− − −

= ± +

= + + + ± ±
(15)

and

1

2 2 2 2
1 12

n n

n n n

x x

x x x

ε

δ ε ε
−

− −

= +

= + + +
(16)

From <x0> = 0, we have

2 2 2 2 2
1 2

n

n n

x n

x x n

ε

δ ε ε−

=

= + + +
(17)

From <x02> = 0, we have
2 2 2 2

2
2 2

d
2

d

n

n

x n n

x
n

n

δ ε

δ ε

= +

= +
(18)
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Then consider a two-dimensional random walk,

1

2 2 2 2 2
1 1 1

cos

cos 2 2 cos 2 cos
n n

n n n n

x x

x x x x

δ θ ε

δ θ ε ε δ θ εδ θ
−

− − −

= + +

= + + + + +
(19)

in which θ is randomly chosen from 0 to 2π. Similarly we can get
2

2 2 2

2 2
2

2
d

2
d 2

n

n

x n n

x
n

n

δ
ε

δ
ε

= +

= +

(20)

MSDy is unaffected by lateral velocity along x direction and given by

2
2

2ny nδ
=

, (21)

so total MSD is
2 2 2 2 2 2

2
2 2

d
2

d

n n n

n

r x y n n

r
n

n

δ ε

δ ε

= + = +

= +
(22)
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